This paper proposes a unified approach to constructing confidence limits for a future percentile duration or event-time. The construction is based on an analytical calibration of the Box-Cox type "plug-in" percentile limits (PL). The performance of the calibrated Box-Cox PL is investigated using Monte Carlo experiments. Comparisons are made with PLs that are specifically designed for a particular distribution such as Weibull and lognormal. Excellent performances of the calibrated Box-Cox PL are observed. Simulation based on other popular duration models such as gamma and inverse Gaussian reveal that the proposed PL is robust against distributional assumptions and that it performs much better than the distribution-free PL. An empirical illustration is also provided.
Introduction
Duration analysis has become a rapidly growing area of econometric research in the past two decades. Kieffer (1988) gives a detailed survey on the economic duration and hazard models. Indeed, actual and potential areas of applications include the strike duration (Lancaster, 1972; Kennan, 1985) , unemployment duration (Lancaster, 1979; Sider, 1985; Kiefer, et al., 1985) , financial transaction duration (Engle and Russell, 1998; Zhang, et al., 2001 ), duration of marriages, time to adoption of new technology, lifetimes of firms, product durability, and others 2 . Essentially, the literature of economic duration analysis is heavily based on statistical methods developed in areas of industrial engineering and biomedical sciences, concentrating on model specification and analysis of duration data. The issue of adequately predicting future percentile durations has remained relatively unexplored. See Collins (1991) and Yang (1999b Yang ( , 2001 .
In this paper, we propose a unified approach to constructing confidence limits for the percentile of a future duration or event-time. Percentile durations can offer important scopes for empirical studies in applied economics. For example, if one is concerned with the 'typical' unemployment duration, then the median duration (the 50th percentile) is appropriate. If one wants to know when only 1% of the firms turn bankrupt, then the 1st percentile life is essential. And if one wants to gauge the duration after which most of the unemployed find a job, then the 95th or even 99th percentile are useful. However, the existing methods to construct reliable confidence limits for future percentiles still face some practical problems. First, it is often unclear which lifetime distribution should be used.
Second, even if one picks the correct model, the percentile limits for this model could be unavailable, unsatisfactory, or too complicated to be implemented in practice. Third, the standard nonparametric or distribution-free methods do not give reliable percentile limits for extreme percentiles as such methods often require unrealistically large samples. Hence, it is highly desirable to construct a unified PL for a percentile duration of event-time that works for any duration or event-time model, thereby reducing the impact of distributional assumptions in econometric models. See Heckman and Singer (1984b) .
The Box-Cox transformation (Box and Cox, 1964) aims to transform non-negative continuous observations to exact or near normality. Hernandze and Johnson (1980) showed that observations following popular distributions such as lognormal, Weibull, gamma, and inverse Gaussian are all transformable to exact or near normality by the Box-Cox power transformation. Moreover, percentiles are invariant under a one-to-one transformation. As such, we shall use the Box-Cox method to construct percentile limits for a transformed percentile based on normal theory, and then retrieve percentile limits for the original percentile from a simple inversion. The whole process is valid if the transformation is known and exact normality is achievable. However, the problem is that the transformation (parameter) is often unknown and has to be estimated from the data. In this case, a common practice is to replace the unknown transformation by its estimate which is then treated as if it were the true one (Box and Cox, 1964; Collins, 1991; Hahn and Meeker, 1991) . Clearly, this approach ignores the effect of estimating transformation. If such an approach is successful, the standard methods of statistical inference become applicable and it renders a unified approach to constructing confidence limits for percentile durations. However, as shown in Yang (2001) for the case of median and as we will show in this paper for the case of general percentile, the effect of estimating transformation cannot be ignored and a correction to the confidence limits is necessary.
In this paper, we extend the approach of Yang (2001) to derive the analytical calibration of the Box-Cox percentile limits (PL). As the construction of normal-theory PL involves a noncentral t distribution, the analytical calibration now comes with two factors, one corresponding to the variance adjustment and the other the mean adjustment. However, the two calibration factors remain simple, and Monte Carlo experiments show that the calibrated PL is accurate and robust against the distributional assumptions. The rest of this paper is set out as follows. Section 2 presents the Box-Cox PL and its asymptotic properties. Section 3 derives the analytical calibration of the Box-Cox PL. Section 4 presents Monte Carlo simulations for checking the small sample performance of the Box-Cox and calibrated Box-Cox PLs. Comparisons are also made with the existing PLs that are specifically designed for a certain distribution as well as the distribution-free PL. Section (1985) . Finally Section 6 gives some concluding remarks. All proofs are contained in the Appendix.
Box-Cox percentile limits and their properties
Let Y = (Y 1 , Y 2 , · · · , Y n ) be a sample of n non-negative durations or event-times from a certain distribution. Let Y 0 be a future observation from the same population. We are interested in constructing the confidence limits for y p , the 100pth percentile of Y 0 . Suppose that there exists a monotonic increasing transformation h(·, λ), indexed by a transformation parameter λ, such that the transformed observations are normally distributed with mean µ and standard deviation σ. That is,
It can be shown that the maximum likelihood estimators (MLE) of µ, σ and λ arê
where · is the Euclidian norm, 1 n is a vector of 1 s, andḣ y (Y, ) is the geometric mean
When λ is known, the restricted MLEs of µ and σ are denoted byμ(λ) andσ(λ), respectively.
When λ is known, the usual normal theories can directly be applied to give a prediction or confidence interval for the transformed quantity of interest, which is then inverted to give prediction or confidence interval of the quantity in the original scale. However, when λ is unknown, the usual approach is to follow Box and Cox (1964) to estimate λ and then proceed with the usual inferences as if the estimated transformation parameter λ were the true one. This is the popular Box-Cox Transformation Method. 
The Box-Cox percentile limits
As h is an one-to-one mapping, y p is related to z p , the 100pth percentile of the standard normal, via h(y p , λ) = µ + σz p . A natural estimator of h(y p , λ) is thusμ(λ) + s(λ)z p , and a natural pivotal quantity for making inference about y p is
where s(λ) is the sample standard deviation in λ-scale. Rewriting T p (λ) as
one immediately sees that the first term on the right hand side of (2) is t n−1 (− √ nz p ), a noncentral t random variable with n − 1 degrees of freedom and a noncentrality parameter
and
It can be shown that, as n becomes large, µ T converges to 0 and σ T converges to 1.
However, the convergence of σ T can be very slow for small or large percentiles. This implies that when n is small to moderate, µ T is close to 0 but σ T can be significantly larger than 1.
These observations are useful in developing the calibration factors for the percentile limits when λ is unknown, which will be discussed in Section 3.
Denote the δth quantile of t n−1 (− √ nz p ) by t δ n−1 (− √ nz p ). Then, with an exact probability of (1 − α) the following will be true
which leads immediately to the exact 100(1 − α)% confidence limits for h(y p , λ)
Finally, inverting the lower limit L(λ) and the upper limit U (λ) of the interval in (5), we obtain the exact 100(1 − α)% confidence limits for y p as follows.
where h −1 represents the inverse transformation.
When the transformation parameter λ is unknown, a common practice is to replace the unknown λ by its MLEλ, and treat the estimated transformation as the true one. 3 The resultant confidence limits for y p are
As the confidence limits given in (7) are obtained by directly pluggingλ in (6), they are termed in this paper as the Box-Cox Percentile Limits. Note that the Box-Cox percentile limits ignore the possible effect of the transformation estimation. Carroll and Ruppert (1981) showed that such an effect is usually small for the case of median. In contrast, we show that the effect of estimating transformation can be very large when extreme percentiles are concerned. For most percentiles (10% to 90%, say), the effect is usually small, but not negligible.
Large sample properties of Box-Cox PL
We say that effect of estimating transformation is small if the PL defined in (7) behaves like the PLs defined in (6), i.e., the coverage probabilities and the expected lengths of the two PLs are similar. Clearly, for this to be true, it is necessary that
behaves like T p (λ) as expressed in (1) . Unfortunately, it is not the case as shown by Theorem 1 below. We first state a lemma with its proof given in the Appendix.
Lemma 1 Under the usual regularity conditions for the likelihood inference theory, we have that √ n(λ − λ) and T p (λ) are asymptotically independent. Theorem 1. Assume that i)λ is root-n consistent, and ii) both
where
where c 2 (µ, σ, λ) = V ar
Proof of Theorem 1 is given in the Appendix. Note that the order of the second term on the right hand side of (9) is O p (1), which is of the same order as T p (λ). This means that T p (λ) and T p (λ) do not agree in distribution even when n is large. The results in (10) and (11) imply that the difference is mainly in the second moments. Hence, a correction to the variance of T p (λ) is necessary. The feasibility of obtaining an analytical correction depends on the availability of an explicit expression of c 2 (µ, σ, λ), which will be discussed in the next section.
Analytically calibrated Box-Cox PL
We now derive an analytical adjustment to T p (λ) so that its limiting distribution is equivalent to that of T p (λ), which in turn gives a corresponding adjustment to the BoxCox PL. From the results of Theorem 1 we see that
] by a factor c 2 (µ, σ, λ), called the variance inflation factor. To rectify the discrepancies in variances, it is necessary to obtain a convenient estimator of c 2 (µ, σ, λ). Clearly, an explicit expression for c 2 (µ, σ, λ) renders a very simple estimator.
The power transformation
In general, the results obtained above are valid for any monotonic increasing transformation. However, to derive an explicit expression or approximation to c 2 (µ, σ, λ), it is necessary to specify the transformation function. There are several options available. The most appropriate one for transforming duration and event-time data may be the Box-Cox
which becomes exp(µ + σz p ) when λ = 0; and iv) h(Y i , λ) cannot be exact normal unless λ = 0. It, however, can be very close to normal if λσ/(1 + λµ) is small. See Yang (1999a) for a detailed discussion on this issue.
Corollary 1.
Under the conditions of Theorem 1, the standard Box-Cox power transformation function, and θ = λσ/(1 + λµ), we have for large n,
The proof of Corollary 1 is given in the Appendix. It turns out the variance inflation factor has very simple expressions. It depends on the parameters only through θ when λ = 0, and is parameter free when λ = 0. When p = 0.5 it reduces to a pure constant 1/6, which is the special case of median considered in Yang (2001) .
The results of Corollary 1 allow us to draw some qualitative conclusions regarding the magnitude of variance inflation due to transformation estimation. Note that θ is assumed to be small. Thus, the magnitude of the variance inflation c 2 (µ, σ, λ) depends mainly on z p . It is small when z 2 p is close to 1 (i.e., around 16th or 84th percentiles); not negligible when z 2 p is close to zero (i.e., around the median); and large when z 2 p is much larger than 1 (i.e., at the extreme percentiles). We note in passing that these features provide important practical implications as to when the more conventional Box-Cox Pl works well and when it needs an adjustment.
Analytical calibration
We are now ready to discuss calibrating the Box-Cox PL so that it has correct or approximately correct coverage for any percentile. Write c 2 (µ, σ, λ) as c 2 (θ) and define 8 θ =λσ/(1 +λμ). From Theorem 1, we see that the adjusted pivotal
has approximately the same asymptotic distribution as T p (λ) when n is large. However, as discussed in Section 2.1, V ar[T p (λ)] can be far from 1 when n is not large enough, especially when the extreme percentiles are considered. Thus, for small to moderate n, the correction factor should be 1 + c 2 (θ)/σ 2 T , where σ 2 T is the variance of T p (λ) given in (4). Further, as E[T p (λ)] = 0 for finite n, a change in variance causes a change in the mean, which should then be recovered afterwards. Thus, the adjusted pivotal quantity takes the form
. Hence, a handy calibration of the percentile limits factoring into the effects of estimating transformation parameter are obtained as
with
We shall call the percentile limits specified by (13) the Calibrated Box-Cox Percentile
Small sample behavior of the PLs
We have performed Monte Carlo experiments for the following purposes: i) to check the finite sample performance of the calibrated Box-Cox PL and its robustness against the distributional specifications, ii) to see the effect of estimating transformation and the necessity of calibration, and iii) to compare the performance of the calibrated Box-Cox PL with the PL designed specifically for a given distribution, and the distribution-free PL.
The simulation process is described as follows. For each random sample of size n generated from a specified distribution, various percentile limits are calculated. For each 9 type of PLs, check if it contains the true percentile and record the length of the interval (upper limit -lower limit). Repeat this process 10,000 times. For each type of PLs, for example the calibrated Box-Cox PL, the proportion of the PLs among the 10,000 generated that cover the true percentile gives a Monte Carlo estimate of the true coverage probability of the calibrated Box-Cox PL. Similarly, the average length of these 10,000 PLs gives a
Monte Carlo estimate of the expected length of the PL in question.
Four models, the lognormal, Weibull, gamma and the inverse Gaussian, are used in our simulation studies. Note that an exact PL exists for the lognormal (Hanh and Meeker, 1991, p.56) and an approximate PL exists for the Weibull (Nelson, 1982 , p.232).
The PLs for gamma and inverse Gaussian are either too complicated or not available, but they are included in order to assess the robustness of each of the four PLs against the data distribution. A distribution-free PL is also available (Hahn and Meeker, 1991, p.82), which usually requires a large sample to yield a reasonable performance, especially at the extreme percentiles. For each chosen distribution, four parameter configurations are used to generate a range of population skewness from small to large, thereby capturing the effect of the skewness on the performance of the Box-Cox type PLs. In addition, four sample sizes (10, 20, 30 and 50) are used; and thirteen percentile points (1%, 5%, 10%, · · · , 90%, 95%, and 99%) are considered. All simulations are performed using Fortran 90 on a mainframe at the National University of Singapore.
Selected simulation results are presented in tables, for easy comparisons of the five PLs (calibrated Box-Cox PL, Box-Cox PL, lognormal PL, Weibull PL and distribution-free PL) in terms of both the coverage probability and the average length. Detailed simulation results on coverage probabilities of the PLs (except the distribution-free PL) are presented in plots. The distribution-free PL is excluded from the plots as the method breaks down for small and large percentiles when sample sizes are not large enough.
The Lognormal Model. 4 The lognormal distribution is of particular interest as in this case an exact normality is achievable by transformation and hence pure effects of
The parameter σ controls the skewness of the distribution and as σ increases, the population skewness increases quickly.
estimating transformation as well as analytical calibration can be seen. The simulation results are summarized in Table 1 and Figures 1a-1c . Table 1 and Figure 1 here
From Table 1 , we see that the calibrated Box-Cox PL performs excellently, with the coverage probabilities and the average lengths very close to those of lognormal PL. The effect of calibration is not negligible at the 50th percentile, but negligible at the 20th and 80th
percentiles. However we note from Figure 1 that the effect of calibration is very significant at extreme percentiles, including the 1st, 5th, 95th and 99th, respectively. These empirical findings are consistent with the theory (see the discussions following Corollary 1). In general,
we find that an adjustment to the Box-Cox PL should be given. The population skewness significantly affects the length of percentile interval, but does not play a significant role when coverage probability is concerned. More detailed observations from the plots are in order.
As sample size increases, the coverage probabilities of the calibrated Box-Cox PL move closer to the nominal levels. In addition, the larger the n, the more significant is the effect of calibration. Again, these features are consistent with the theoretical results developed in Section 3. Moreover, the Weibull PL, which is a wrong PL against the chosen lognormal, performs rather poorly with its coverage probability varying wildly. The distribution free PL is rather conservative and can be much longer than the lognormal PL and calibrated Box-Cox PL as seen from Table 1 .
The Weibull Model. 5 The Weibull model is one of the most popular models used in duration and event-time analysis. A Weibull random variable is transformable to near (but not exact) normality by raising it to a power of 0.2654β (Hernandze and Johnson, 1981; Yang 1999 Yang , 2001 ). The simulation results are summarized in Table 2 and Figures 2a-2c. Table 2 and Figure 2 here
From Table 2 , we see that the calibrated Box-Cox PL even outperforms the PL specifically designed for the Weibull distribution, for small to moderate sample sizes and 5 The Weibull distribution, denoted by W B(ν, β), has a cumulative distribution function of the form:
, where ν is the scale parameter and β is the shape parameter. The skewness of the population is completely controlled by β, and the smaller the β, the more skewed is the distribution.
for percentile points ranging from 10% to 90%. This is particularly true for the 99% PLs.
In fact, the Weibull PL can be rather liberal when the sample size is small. When the wrong lognormal PL is used for data generated from the Weibull population, its performance is rather unstable. The distribution-free PL is again conservative and can be much longer than the calibrated Box-Cox PL and the Weibull PL. It should be pointed out that a Weibull random variable can not be transformed to exact normality by power transformation. Hence, it is not necessarily true that the calibrated Box-Cox PL has the correct asymptotic coverage.
However, our simulation results show that such a non-normality effect is small except at the extreme percentile points. Similar to the case of lognormal distribution, population skewness does not seem to play an important role except in changing the length of the confidence intervals.
The Gamma Model. 6 The purpose of including the gamma and the following inverse Gaussian model in the simulation is to understand the performance of each of the PLs, particularly when none of the PLs is the right one. Note that a gamma random variable is also transformable to near normality by a power transformation (Hernandze and Johnson, 1981) , where the power depends only on the shape parameter and it approaches to 1/3 as the shape parameter goes to ∞. The simulation results are summarized in Table   3 and Figures 3a-3c . Table 3 and Figure 3 here
As can be observed from Table 3 and Figure 3 only the calibrated Box-Cox PL generally performs in an acceptable way. All other PLs can perform rather poorly at certain situations, with coverage probabilities fluctuating wildly with the change of the population skewness and the percentile point. The population skewness affects the PL behavior in both the coverage probability and the average length. From Figure 3 , it seems that the calibrated Box-Cox PL performs better when the population is not so skewed compared with the case when the population is very skewed. An increase in sample size generally improves the 6 The pdf of the gamma distribution is of the form: coverage of the calibrated Box-Cox PL, except at the extreme percentile points and with a highly skewed population. These reflect the nonormality effect as the more skewed the gamma population is, the less transformable it is to normality.
The inverse Gaussian Model. 7 Once again, the inverse Gaussian distribution is transformable to near normality by a simple power transformation with its power depending only on the ratio of the two parameters. The simulation results for the inverse Gaussian model are summarized in Table 4 and Figures 4a-4c. Table 4 and Figure 4 here Similar to the case of gamma distribution, the simulation results indicate that only the calibrated Box-Cox PL performs acceptably in general. All other intervals can perform poorly at certain situations. Also, similar to the gamma case, increasing the sample size generally improves the coverage of the calibrated Box-Cox PL, except the 90% and 99%
confidence limits for the extreme percentiles of a highly skewed population. These again reflect the effect of non-normality.
Based on the combined analysis of all the simulation results given above, we may conclude that the calibrated Box-Cox PL is very robust with respect to the distributional assumptions. Our findings have bearing on practical applications as to which of the duration or lifetime model should be used to fit the data.
Empirical illustration
We now use the well-known strike duration data of Kennan (1985) to illustrate the methods of constructing percentile limits introduced in this paper. The data set is reproduced as follows: 7 9 7 The pdf of inverse Gaussian is of the form: and the other corresponding to p = .6, .7, .8, .9, .95. From the plots in Figure 5 , we see that fitting different models to the data results in substantial different PLs. We recommend the calibrated Box-Cox PL as most adequate on grounds that it is robust against the distributional assumptions and that it is similar in width to the other PLs.
Figure 5 here
Besides the unified approach to constructing the PLs, we have experimented with some distribution-free methods. As often encountered, the distribution-free method breaks down at p=0.05 and 0.95 even for such a sample of size n = 62. We thus did not include it in the plots of Figure 5 . However, we have calculated a few of the distribution-free PL and compared them with the calibrated Box-Cox PL. The results are summarized in Table   5 . Consistently, the calibrated Box-Cox PLs are generally shorter. 
where I λλ is the lower-right corner element in I −1 . From these two expansions, we have
Proof of Theorem 1. It can be shown that
By Taylor expansions, we havê
It follows that
In addition, 1
Combining the above leads to (9) and then (10). Finally, (11) follows from Lemma 1.
Proof of Corollary 1. First, the derivative of h(., λ) with respect to λ is,
which converges to 
Similarly, we differentiate s(λ) with respect to λ to get
Since h(Y 0 , λ) is approximate normal, the first four moments of e 0 are approximately the same as those of the standard normal random variable. Thus,
A little calculation yields
Finally, we use a result from Yang (1999a) . That is
Putting the relevant approximations together gives the results as stated in Corollary 1. 90%(1st row), 95%(2nd row), 99%(3rd row)
